We resolve a conjecture of Kalai relating approximation theory of convex bodies by simplicial polytopes to the face numbers and primitive Betti numbers of these polytopes and their toric varieties. The proof uses higher notions of chordality.
Introduction
The combinatorial structure of polytopes was studied since antiquity and has been one of the major topics in algebraic and geometric combinatorics in the last few decades.
The simplest combinatorial invariant of a d-polytope P is the f -vector pf´1, f 0 , . . . , f d´1 q, where f i is the number of i-dimensional faces of P . Understanding face numbers of polytopes is one of the oldest branches of mathematics.
The celebrated g-theorem, conjectured by McMullen [McM70] , gives a complete characterization of the f -vectors of simplicial polytopes, namely polytopes all whose proper faces are simplices. It is conveniently phrased is terms of the g-vector, obtained by a linear transformation of the f -vector. Billera and Lee [BL80] proved sufficiency of the numerical conditions and Stanley [Sta80] proved their necessity by relating the g-numbers to the primitive Betti numbers of the associated projective toric varieties.
Some extremal cases in terms of the g-numbers are well understood; for instance polytopes with g k " 0 are exactly the pk´1q-stacked polytopes, as stated in the Generalized Lower Bound Conjecture (GLBC) of McMullen-Walkup [MW71] and recently proved by Murai-Nevo [MN13] . However, away from the extremal primitive Betti vectors, the simplicial polytopes become much harder to understand.
An equally foundational subject in polytope theory is approximation theory. Polytopes are dense in the space of convex bodies with respect to several different metrics, and the question what is the minimal number of faces of a certain dimension that are needed to produce an approximation of a certain quality has been substantially studied; see Schneider [Sch81] , Gruber [Gru88, Gru91] , and finally Böröczky [Bör00a, Bör00b] , producing asymptotically tight answer for the individual face numbers for C 2 -convex bodies.
In 1994 Kalai [Kal94] posed a visionary conjecture that relates the entire f -vector of a simplicial polytope P to its metric structure. Roughly speaking, Kalai conjectures that if K is a convex body whose boundary is of type C 1 and P is a simplicial polytope that is close to K in the Hausdorff distance, then the f -vector of P must be far away from extremal f -vectors in the sense of the g-theorem. Kalai states his conjecture using the g-vector and shadow functions B k (see [Zie95, Section 8 .5]): Conjecture 1.1 (Kalai [Kal94] ). Let K be a C 1 -convex body in R d and let tP n u 8 n"1 be a sequence of simplicial polytopes that converges to K in the Hausdorff metric. Then Although in this paper we focus mainly on the Hausdorff metric, most of the results hold for other metrics, such as Schneider's metric, the Banach-Mazur distance, the symmetric difference distance, etc. as we rely on Böröczky's method [Bör00a] for the final approximation.
In [ANS15] we provided a notion of higher chordality of simplicial complexes and showed that it generalizes the classical notion of chordal graphs. In [Adi15] the first named author introduced toric chordality, a powerful algebraic tool to study chordality in the stress-space of the simplicial complex as studied by Lee [Lee96] . He related this algebraic notion of chordality to the higher chordality notions of [ANS15] and derived, among many other results, a quantitative version of the GLBC in terms of the topological Betti numbers of induced subcomplexes. In this paper, we use this result to prove Kalai's lower bound conjecture in full generality (alternatively, for self-containedness, we use a weaker statement proved in the Appendix).
This paper is organized as follows: in Section 2 we provide the needed preliminar-3 ies, in Section 3 we give a simple proof of Conjecture 1.1(i) for the unit 4-ball, using framework rigidity arguments. These arguments are vastly generalized in Section 4 to prove Conjecture 1.1(i) in full generality, for C 1 -convex bodies. In Section 5 we generalize Böröczky's results by giving asymptotically tight lower bounds on the g-numbers when approximating a C 2 -convex body, in terms of its Hausdorff distance from the approximating simplicial polytope. We also observe that Conjecture 1.1(ii) holds for approximations by random polytopes. For a point x P BK there is at least one point u P S d´1 such that x P Hpu, Kq. If this point u is unique we say that x is non-singular. Denote the unique such direction by upxq, whenever x is a non singular point. For every non singular point x there exist neighborhoods U x Ď BK and V x Ď Hpupxq, Kq of x, where V x is convex, and a non-negative convex function f x : V x Ñ R, such that, for every v in V x , the point ϕ x pvq " v´f x pvqupxq is an element of U x and the map ϕ x is a homeomorphism from
Preliminaries

Convex bodies
Endowing B 1 p0q with its standard differential structure, we say that a convex body K is of type C k if it is the image of a C k -embedding of B 1 p0q in R d . Equivalently, the boundary BK is a C k -hypersurface in R d . If k ě 1, and K is a C k -convex body, then every point x P BK is non-singular. 
Polytopes and simplicial complexes
A polytope P is the convex hull of finitely many points in some Euclidean space; equivalently it is a bounded intersection of finitely many closed half-spaces. Polytopes are a very special class of convex bodies. A face of a polytope P is the intersection of a supporting hyperplane of P with P . The dimension of a face is the dimension of its affine span. Assume that P is d-dimensional. The f -vector of P is the vector f P :" pf´1, f 0 , f 1 , . . . , f d´1 q where f i is the number of i-dimensional faces of P (f´1 " 1 for the empty face). A simplex is the convex hull of a set of affinely independent points, thus a k-dimensional simplex has k`1 vertices. A polytope P is simplicial if all proper faces of P are simplices. We denote the set of proper faces of P by BP and call it the boundary of P .
A (geometric) simplicial complex ∆ is a finite family of simplices such that (i) if F is in ∆ and G is a face of F , then G is also in ∆, and (ii) for any two elements F and G of ∆, F X G is a face of both F and G. Note that a polytope P is simplicial if and only if the boundary of P is a simplicial complex. The elements of a simplicial complex are also called faces and the dimension of a simplicial complex is the maximal dimension of a face.
As in the case of polytopes we may define the f -vector of ∆, f ∆ :" pf´1, f 0 , . . . , f d´1 q, to be the vector such that f i is the number of faces of dimension i, called i-faces. Thus,
The set of faces of ∆ of dimension at most i is a subcomplex called the i-th skeleton of ∆ and denoted by ∆ piq . The set of 0-faces is denoted by V p∆q and is called the set of vertices of ∆; the 1-faces are called edges. When all faces of ∆ that are maximal under inclusion have the same dimension d we say ∆ is pure and refer to its d-faces as facets and to its pd´1q-faces as ridges.
The link of a face F of ∆, denoted by link ∆ pF q, or linkpF q for short, is the set of all faces G of ∆, such that F X G " H and G is contained in a face that contains F . independent. An affine subspace is generic w.r.t. a collection of geometric simplices if it contains no vertex, and its parallels contain no edge, of these simplices.
f-vectors of simplicial polytopes
The f -polynomial of a d-dimensional simplicial polytope P is the generating function of the f -vector, given by the polynomial f P pxq " u q is the g-vector of a simplicial d-polytope if and only if it is the Hilbert function of some graded commutative algebra finitely generated in degree 1. In particular, g 0 " 1 and
A numerical characterization of the Hilbert functions as in the g-theorem is due to Macaulay, using his shadow functions B k p¨q, cf. [Zie95, Section 8.5]. We will use them only in our last remark, Remark 5.7, on Conjecture 1.1(ii).
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The following recent result of Adiprasito [Adi15] generalizes the lower bound theorem, and will be crucial in our proof of Conjecture 1.1(i). 
(1)
The proof uses a subtle approach via combinatorial Morse theory. We will therefore, for purposes of self-containedness, provide also a slightly weaker alternative lemma to the same effect based on the McMullen proof of the hard Lefschetz theorem, see Lemma 4.6.
Framework rigidity
Let G " pV, Eq be a graph and let ϕ : V Ñ R d be any map. We say that ϕ is rigid if there
|ϕpvq´ϕpwq| " |ϕ 1 pvq´ϕ 1 pwq| for every tw, vu P E, then |ϕpvq´ϕpwq| " |ϕ 1 pvq´ϕ 1 pwq| for every tw, vu P`V 2˘. We say that ϕ is flexible if it is not rigid. Fix a vertex set V and consider the family RpV, dq Ď 2 p V 2 q of all the minimal under inclusion edge sets E such that G " pV, Eq is a generically d-rigid graph. The collection RpV, dq is the set of bases of a matroid. In particular, the cardinality of any element of RpV, dq is an invariant denoted by ρpV, dq.
Let G " pV, Eq be graph and let ϕ : V Ñ R d be a map. A stress, w.r.t. pG, ϕq, is a map ω : E Ñ R such that for every vertex v:
The family of stresses of pG, ϕq is a vector space; if ϕ is generic and G is generically d-rigid then this stress space has dimension |E|´ρpV, dq.
Kalai [Kal87] observed that for d ě 3 the graph of a simplicial d-polytope P is generically d-rigid, and used it to prove that the dimension of the stress space of this graph equals g 2 pBP q. This provides an alternative proof of the lower bound theorem of Barnette [Bar73] , where the minimizers are those P with g 2 pBP q " 0. Kalai also showed that, for d ě 4, g 2 pBP q " 0 if and only if P is stacked, namely it can be obtained from 
The Hausdorff metric
For a point x P R d and A Ă R d define dpx, Aq :" inf aPA |x´a| to be the distance from x to A in the usual Euclidean metric. Let A, B be two bounded subsets of R d . Define the Hausdorff distance between A and B by:
It is easy to verify that δ H defines a metric on the space of compact subsets of R d , and thus restricts to a metric on the space of convex bodies in R d .
Approximation theory
Every convex body K can be approximated by polytopes in the Hausdorff metric. A
natural question is what is the minimal number of vertices that achieves an approximation of distance ε. Assume that K is of type C 1 . Let npεq be the minimal number of vertices of a polytope P with δ H pP, Kq ă ε. It is clear that npεq goes to infinity as ε goes to 0.
If K is C 2 then the asymptotic behavior of npεq is well understood. Böröczky [Bör00a,  Theorem A(9)] computed the asymptotic growth of npεq explicitly, as follows: For our purposes, the important property of equation (3) is that the right-hand side is strictly bigger than 0 and bounded. In particular npεq behaves roughly like ε´d´1 2 for small enough ε.
Warm up: rigidity and Kalai's conjecture for the unit 4-ball
This section is devoted to proving Kalai's conjecture for simplicial 4-dimensional polytopes approximating the unit 4-ball, using rigidity theory. We then vastly generalize the ideas demonstrated here to prove the general case in the next section.
As mentioned in Subsection 2.6, Conjecture 1.1(i) holds for k " 1 (for any d), so the first open case of this conjecture is k " 2, d " 4, and the most basic C 1 -convex body to consider is the unit 4-ball. For the rest of the section, the support of a stress ω of an embedded graph G is the set of vertices that belong to an edge e of G such that wpeq " 0.
Lemma 3.1. Let P be a generically embedded simplicial 4-polytope and let v be a vertex of P .
Assume that linkpvq is not stacked. Then there is a non-zero stress w supported in N 2 pvq :" tu P V pP q : dpu, vq ď 2 in the graph metricu.
Proof. We follow ideas of Kalai [Kal87] . Recall that a simplicial 3-polytope is stacked if and only if its 1-skeleton is chordal, cf. ii. C is induced in BP . Consider the complex ∆ " Ť m i"3 v i˚l inkpv i q. By the Gluing Lemma in rigidity, cf. [AR79, Theorem 2], the graph G " ∆ p1q is generically 4-rigid (as all the cones are, and v i˚l inkpv i q X v i`1˚l inkpv i`1 q contains a tetrahedron so this intersection has at least 4 vertices). The edge e " tv 1 , v 2 u is not an edge of ∆, but both v 1 , v 2 are vertices of ∆. Thus the given embedding of G Y teu has a nonzero stress. This stress is supported in N 2 pvq as desired.
Theorem 3.2. Kalai 
If a simplicial polytope P well-approximates B, then all its edges must be short. thus of distance ą δ´δ 2 " δ 2 from BB by the triangle inequality. For a vertex u P σ and a supporting hyperplane H u of P at u, the point y in BB X Hú on the line orthogonal to
Specifically, there exists
Lemma 3.3. Let P be a simplicial d-polytope and let H be a generic oriented hyperplane that passes through the interior of P . For each vertex v of P in H´, let Σ 1 v be a triangulation of linkpvq and let Σ v be the collection of simplices formed by coning the simplices of Σ 1 v with v. Let Σ Ă P be the family of all simplices of Σ v for all v P H´and assume that it is a geometric simplicial complex. Then, for every point x P P X H there is a simplex Γ P Σ that contains x.
Proof. Let |Σ| be the set of points that belong to some simplex of Σ, so |Σ| Ď P . We need to show that P X H Ď |Σ| X H. Since H is generic it contains none of the nonempty faces of P nor of Σ. Let x P P X H be generic, i.e. in general position, with respect to the vertices of P X H, and let be a generic line in H through x. We claim that |Σ| X " P X . To establish this, note that X P is a closed line segment and admits a continuous parametrization γ : r0, 1s Ñ X P .
Assume that there is x P P X that is not in |Σ|. Notice that γp0q lies in the relative interior of a facet of BP , so this facet contains a vertex y P H´, by genericity of H. This facet is contained in a d-simplex of Σ y , thus γpr0, zqq is contained in |Σ| for some positive real z. Let s " inftt P r0, 1s | γptq R |Σ|u. Notice that s ě z ą 0. As s ą 0, by compactness of |Σ| we conclude γpsq P |Σ|. By genericity of , γpsq is in the relative interior of a d-or a pd´1q-simplex of Σ.
The former case is clearly not possible: γpsq would be in the interior of |Σ| and therefore in the interior of |Σ| X , a contradiction. In the latter case we will show that γpsq is in the interior of |Σ| unless it is in BP . The reason for this is the following: let Γ be a pd´1q-simplex of Σ that contains γpsq. The ridge Γ is contained in exactly two facets F 1 , F 2 of the ball Σ unless it is on the boundary of P ; indeed, the boundary ridges of Σ not on BP do not contain the vertex y P H´introduced in the preceding paragraph. If γpsq is not in BP we obtain that γpsq is in the interior of F 1 Y F 2 , thus also in the interior of |Σ|. If γpsq P BP , then s " 0 or s " 1. The case s " 0 was discarded before. The case
It follows that X P Ď X |Σ|, so in particular x P |Σ| X H. The set of generic points of P X H is dense in P X H and is contained in the closed set |Σ| X H. The desired inclusion follows.
A proof of Kalai's conjecture for C 1 -convex bodies
Here we prove the first main result of the paper, that part (i) of Kalai Lemma 4.1. Let K be a convex body in R d and let π denote an orthogonal projection onto a k-dimensional subspace H, chosen uniformly at random from the pd, kq-Grassmannian. Then, with probability 1, all the affine subspaces that are orthogonal to H and support K do not contain a segment of BK. Thus, π restricts to a homeomorphism from K X π´1pBπpKqq to BπpKq.
In particular, the preimage of BπpKq under π is, with probability 1, homeomorphic to a pk´1q-sphere; we denote this preimage by γ π . Let γ π`ε :" γ π`ε B 1 p0q (Minkowski sum), where B 1 p0q is the ball of radius 1 in R d . Notice that in the Hausdorff metric
Notice that if ε is small enough, then there is a point u P πpKqzπpγ π`ε q. Let r : πpγ π`ε q Ñ BπpKq be the map that sends a point x to the unique elementrpxq of
Figure 2: Projections π 1 and π 2 to subspaces H 1 Ě H 2 with the respective γ π 1 -S 1 and γ π 2 -S 0 .
BπpKq in the infinite ray from u to x. The mapr is a strong deformation retract if ε is small enough. Now define r : γ π`ε Ñ γ π by letting rpxq be the unique point in γ π that projects torpπpxqq. Then r is a strong deformation retract wheneverr is, that is, for every small enough ε.
Lemma 4.2. Let ε ą 0 be small enough so that the ε-neighborhood γ π`ε deformation retracts to γ π . Then, every simplicial polytope P Ď K sufficiently close to K in the Hausdorff metric, has a subcomplex ∆ Ď BP X pγ π`ε q whose embedding into γ π`ε induces an isomorphism in homology.
Proof. Let ∆ :" P X π´1pBpπpP. Then ∆ is a subcomplex of P and πp∆q " BpπpP qq.
By equation (4) there exists 1 ą 0 such that π´1pπpγ π` 1Ď γ π`ε . If P is close enough to K then BπpP q Ď πpγ π` 1 q, thus equation (4) implies ∆ is contained in γ π`ε . Note that π |∆ is a homotopy equivalence from |∆| to πpγ π`ε q.
Let g : πpγ π q Ñ γ π be the inverse of π restricted to γ π , namely gpxq is the point π´1pxq X K. Let ι denote the inclusion of ∆ in γ π`ε , then r˝ι " g˝r˝π |∆ . The induced maps in homology of r, g,r, π |∆ are clearly isomorphisms, so ι is an isomorphism too.
Until now, we have not yet used the C 1 property of K in any way. Now we use the fact that all points of BK are non-singular. (In fact, this property is equivalent to being
Consider any non-singular convex body K, let pε i q denote a sequence of real positive numbers tending to 0, and let pP i q denote a sequence of simplicial polytopes so that δ H pK, P i q ă ε i for all i.
Lemma 4.3. With K, pε i q and pP i q as above, for every ε ą 0,
Proof. Assume by contradiction that there are δ ą 0, a subsequence pP j q and faces σ j P P j such that V pσ j q Ă γ π`εj , |σ j | Ć γ π`ε , and diampσ j q ě δ.
There are two vertices in σ j whose distance is ě δ and by the triangle inequality every point in σ j is at least δ 2 apart from one of them. Taking a point of σ j not in γ π`ε we obtain a line segment e j Ă σ j of length at least Since P j jÑ8 Ý ÝÝ Ñ K then e Ă BK. We claim that in fact e must be contained in γ π .
Notice that for any point x in γ π , the hyperplane T x tangent to BK at x projects to the tangent space to BpπpKqq at πpxq. As T v is the unique tangent plane at v, since K is nonsingular, e Ă T v (and e Ă T v 1 ) and therefore e Ă γ π by Lemma 4.1.
We conclude that for any fixed ε ą 0, a large enough j satisfies |e j | Ď e`ε Ď γ π`ε , a contradiction to the choice of e j .
Combining Lemmas 4.2 and 4.3 gives:
Corollary 4.4. For any non-singular convex body K and every ε small enough, there is ε 1 ą 0 small enough such that for every simplicial polytope P that is ε 1 -close to K in the Hausdorff metric, the subcomplex Γ Ď BP induced by the vertices of P in γ π`ε 1 is contained in γ π`ε , and this inclusion induces a surjection in homology.
Proof. For small enough ε ą 0, γ π`ε retracts to γ π . By Lemma 4.3, there exists ε 1 ă ε 2 such that, if P is ε 1 -close to K, for the complex Γ on the vertices of P in γ π`ε 1 , all edges of Γ that are not contained in γ π`ε 1 are of length ă Note that x R γ π i :" γ i for all i, but γ i Ñ txu in the Hausdorff measure. By passing to a subsequence of py i q, we may assume that γ i X γ j " H for all i ‰ j: indeed, x R γ i and for every ε ą 0 we have that γ j is contained in the open ball Bpx, εq for sufficiently large j, so given y i j we just need to pick y i j`1 so that γ i j`1 Ď Bpx, dpx, γ i j qq.
Consider now the pd´k´1q-cycles γ 1 , . . . γ g`1 . For ε ą 0 small enough, the neighborhoods γ i`ε are pairwise disjoint and, for each i, γ i`ε deformation retracts to γ i . By
Corollary 4.4, there is some 0 ă ε 1 ă ε such that the embedding of the induced complex Γ i on the vertices of P in γ i`ε 1 , into γ i`ε , induces a surjection in homology.
It remains to show that for ε small enough and for every i ‰ j, there is no edge in BP between a vertex of Γ i and a vertex of Γ j . Once this is shown we get that the complex
thus Theorem 2.2 finishes the proof.
Assume by contradiction there are approximating polytopes pP n q with v i pnq P Γ i pnq Ď P n , v j pnq P Γ j pnq Ď P n , and v i pnqv j pnq an edge of P n . Then there exist a subsequence pP an q of pP n q, a point v i P γ i with v i pa n q Ñ v i and a point v j P γ j with v j pa n q Ñ v j . The
in the unique hyperplane H through v j that supports K. Thus, by the choice of π j , also v i P γ j , contradicting that γ j and γ i are disjoint.
Let us remark that since the homology cycles γ i are represented by spheres, we can substitute, for self-containedness, the use of Theorem 2.2 in the proof of Theorem 4.5 by the following simple lemma.
Let ∆ be a simplicial complex with a map ϕ of its vertex set V to R d , and let
the homogenization of ϕ. An (affine) k-stress is a map ω from the pk´1q-dimensional faces of ∆ to R such that, for every pk´2q-face τ of ∆, the Minkowski balancing condition is satisfied, i.e. ÿ σ: σ pk´1q-face, τ Ăσ ωpσqp r ϕpσzτ" 0 mod spanp r ϕpτ qq, namely, the sum on the left-hand side lies in the linear span of r ϕpτ q. We refer to Lee [Lee96] for a comprehensive introduction to the subject of affine stresses.
As such, a stress on a graph is the same as a 2-stress (we will henceforth leave out the quantifier "affine"). Moreover, it turns out that k-stresses are special pk´1q-cycles in the simplicial chain complex of ∆ with real coefficients, see Ishida [Ish87] and Tay g k pP q " dimtspace of k-stresses supported in P u.
Refined bounds for C 2 -convex bodies
In the case that K is of type C 2 the asymptotic growth of g k can be bounded below.
We start by computing these bounds for approximations of the unit ball and then use tricks of Böröczky to pass to the case of general C 2 -convex body. The idea is to use the quantitative lower bound Theorem 2.2 (or Lemma 4.6) again and to provide such bounds by finding many cycles in BK that are disjoint and far from each other.
Let B 1 p0q be the unit ball in R d . The following lemma is known:
Lemma 5.1. For every sufficiently small ε there is a subset A of the boundary of B 1 p0q with |A| " Ωpε 1´d q and distance dpx, yq ě ε for every pair of points x, y P A.
Proof. Pick an orthogonal basis of R d´1ˆt 0u with vectors of length ε. Consider the intersection of the lattice generated by this basis and B 1 p0q and lift it to the boundary of B 1 p0q to obtain the set A. That A works.
ε Figure 4 : The set A for S 2 projected to R 2 .
We are now in a position to provide quantitative lower bounds for the g-numbers when approximating the unit ball. 
Proof. The idea is to intersect P with pd´kq-dimensional affine subspaces, where each subspace is close to a different point of a set A from the previous lemma. Then the induced complex on vertices of P that are close enough to these intersections will havẽ β d´k´1 ě |A| (with contribution of at least one pd´k´1q-cycle per intersection). Here are the details.
Let ε ą 0 be sufficiently small so by Lemma 5.1 there is a set A of points of the boundary of B 1 p0q with cardinality Ω´ε 1´d 2¯s uch that the dpx, yq ą 35ε 1 2 for every x, y P A.
For each x P A let H x be the affine hyperplane 'below x' such that dpx, yq " 11ε 1 2 for every y P BB 1 p0q X H x , and let L x be any pd´kq-dimensional subspace contained in H x that passes through the center upxq of the ball H x X B 1 p0q.
Let P be a simplicial polytope with δ H pP, B 1 p0qq ă ε and boundary complex ∆ " BP . By rescaling P (multiplying by p1`εq´1) we obtain a polytope contained in B 1 p0q, combinatorially equivalent to P and whose distance to B 1 p0q is smaller than 2ε, so it is enough to assume that P Ď B 1 p0q. If ε is small enough, then the length of an edge e P BP is bounded above by 4ε 1 2 . To see this, apply the Pythagorean theorem to the triangle in the plane spanned by e and the origin, whose vertices are the origin, the intersection point of the line spanned by e and the line orthogonal to it through the origin, and the appropriate end point of e.
For each x P A let W x be the set of all vertices of P contained in a face that intersects Let ∆ W be the complex induced by the vertices in W :"
For points x ‰ y in A, and vertices v P W x , u P W y , the triangle inequality yields |v´u| ě ε 1 2 p35´114´1 1´4q " 5ε 1 2 . As the longest edge in P has length ď 4ε 1 2 , we conclude that ∆ W is the disjoint union of the subcomplexes ∆ Wx , for all x P A. We claim that, for ε ą 0 small enough, β d´k´1 p∆ Wx q ě 1. The argument is similar to, and simpler than, the one we used in the proof of Theorem 4.5: let S x :" L x XBB 1 p0q.
Then clearly for small enough ε ą 0 there exists ε 1 ą 0 such that S x`ε 1 contains the strip BB 1 p0q X pL x`4 ε 1 2 q and is homotopy equivalent to S x . Then the composition of the following maps induces an isomorphism in homology:
where both ends are nontrivial singular pd´k´1q-cycles. Thusβ d´k´1 p∆ Wx q ě 1.
It then follows from Theorem 2.2 that
In fact, instead of using Theorem 2.2, it suffices to use Lemma 4.6, as taking a pk´1q-sphere in each of the S x 's gives |A| pairwise disjoint pk´1q-spheres and thus they correspond to linearly independent k-stresses. 
Proof. There is an affine transformation that maps E to B 1 p0q. Affine transformations map any polytope to a combinatorially equivalent polytope and the distances are preserved up to a constant, so the result follows from Theorem 5.2.
Theorem 5.4. Let K be a C 2 -convex body and let k ď 2 , where C is a constant depending only on B 1 p0q. Since g k ď f k´1 , the lower bound is tight up to a constant. Again, this result holds for other distance notions as well, and extends to approximations of convex bodies with C 2 boundary, i.e convex bodies whose Gaussian curvature is positive at every boundary point. 
A Appendix: From induced homology cycles to affine stresses
The purpose of this section is to prove Lemma 4.6. Let us first observe a simpler and at first insufficient lemma that gets us almost to the goal. We conclude that all newly created k-stresses in the transition from ∆ to ∆ 1 , where k ě 2, seen as pk´1q-cycles, are supported in Γ 1 . Moreover, they are zero-homologous as simplicial cycles in q Γ 1 .
But the stress r γ generates a nontrivial homology class in q Γ 1 , so it is linearly independent of the newly created stresses. Hence, we may blow down again, which maps r γ to a nontrivial stress supported in the simplicial neighborhood of γ, as desired.
